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Abstract
5-branes of nontrivial topology are associated in the Diaconescu-Hanany-Witten-Witten (DHWW)
approach with the Seiberg-Witten (SW) theory of low-energy effective actions. There are two different
”pictures”, related to the IIA and IIB phases of M -theory. They differ by the choice of 6d theory on the
5-brane world volume. In the IIB picture it is just the 6d SUSY Yang-Mills, while in the IIA picture it
is a theory of SUSY self-dual 2-form. These two pictures appear capable to describe the (non-abelian)
Lax operator and (abelian) low-energy effective action respectively. Thus IIB-IIA duality is related to
the duality between Hitchin and Whitham integrable structures.
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1 Introduction
According to general principles of string program, various quantum field theory models are identified with
the various classical configurations (“vacua”) of the string theory, which can be considered as a kind of
universal object of the Quantum Field Theory.
Recent advances in this direction appeared due to the introduction of the new class of string vacua:
described in terms of the BPS-saturated branes. At present stage the focus of research is on the branes
of non-trivial topology. In particular, the system of parallel p-branes appears to be associated with the
p+ 1-dimensional (SUSY) Yang-Mills models [1] and non-perturbative phenomena in the Yang-Mills theory
can be reformulated as interactions of branes. This interaction makes the geometry of branes non-flat and
in the low-energy limit the nontrivial geometry plays the same role as compactification, thus effectively
reducing the naive number of the space-time dimensions. It opens a way for geometrical reinterpretation of
the interaction in Yang-Mills theory: the old dream is getting real.
The simplest realization of this idea – the DHWW construction [2, 3, 4] allows one to associate the
non-perturbative low-energy p-dimensional SUSY Yang-Mills (SYM) theory with non-trivial vacua of the
p + 1-dimensional SUSY gauge theory of forms on the brane world volume 1. This sheds light to the
mysteries of the SW theory [5, 6, 7] of the low-energy effective actions (RG-flows) in N = 2 SYM theory. In
[4] Witten interpreted the SW curve as topologically nontrivial constituent of the brane configuration. In
this paper we discuss how the (Toda chain) Lax operator may arise from the DHWW construction for p = 4.
As anticipated in [8, 9] this can be understood in terms of p + 1 = 6-dimensional SUSY Yang-Mills theory
on the world volume of the 5-brane. While being adequate for the description of renormalization group
(RG) flow from a non-abelian theory in the ultraviolet (UV) limit and of emerging integrable structure, such
essentially IIB stringy picture is not enough, however, to obtain a simple description of the prepotential.
Instead, this is straightforward in the dual IIA-inspired picture [4] when the SUSY p + 1 = 6 dimensional
theory on a brane world volume is a theory of self-dual 2-form.
The whole construction is a direct developement of Diaconescu’s [2] original reasoning for p = 1 (and its
analog for p = 3), where the Nahm equations [10, 11] arise as non-trivial generalization of the Toda-chain
formalism (relevant for p = 4). It makes the appearence of a complex spectral curve and prepotential a little
more natural – though it is hardly an explanation in intrinsic terms of the SYM theory, and universality
of emerging structures is not quite obvious. Even more important, these two ingredients of the SW theory
(the curve and the prepotential for the given curve) remain linked to two different ”pictures” in M-theory.
Thus the main dynamical question – of the derivation of the SW ansatz as a whole – or [12, 13], of the
derivation of abelian Whitham effective low-energy dynamics from the non-abelian Yang-Mills-Hitchin one
1The role of non-trivial SYM vacua was emphasised in [1]. Technically we seem to overcome the argument of [1] against
considering the Dirichlet 5-branes (i.e. against our type-IIB picture) due to nontrivial boundary conditions for the scalar fields,
see sect.4 below.
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– is not resolved, but reinterpreted as the question about duality between IIA and IIB-type pictures, i.e. is
put closer to the main stream of the studies of string dualities.
2 DHWW construction
In the DHWW construction one essentially considers a 5-brane in M -theory 2. In the first-quantized formal-
ism (still the only one available in most string theory considerations), its dynamics is effectively described
by the world-volume (6d) theory of either the SYM – in the type IIB picture or the SUSY self-dual 2-form
C = {CMN}, dC = ∗dC – in the type IIA picture. After compactification on a circle the low-energy theory
is 5d SYM, and compactification on a Riemann surface (complex curve) Σ leads to a world-volume 4d N = 2
SYM.
As usual [1], the gauge group SU(Nc) is defined by topology of the brane, and in the low-energy regime it
is broken down to the abelian U(1)Nc−1, with the scalar (adjoint Higgs) vacuum expectation values identified
with (some) moduli of the complex structure on Σ. Most important, in order to allow interpretation in terms
of spontaneously broken SU(Nc) gauge symmetry, the choice of the Riemann surface Σ is severely restricted:
to hyperelliptic complex curves, being at the same time Nc-fold coverings of a cylinder and associated to
the Toda-chain integrable systems. Their appearance in the form of either 2-fold or Nc-fold covering is
responsible for two possible descriptions: in terms of SU(2) and SU(Nc) groups – well known both in the
brane language [3, 4, 15] and in the approach based on integrable systems [16].
The DHWW construction is essentially as follows [4]: one starts with embedding the 5-brane’s world-
volume into 11-dimensional target space-time with the co-ordinates x0, ..., x10. We further assume that the
target space has topology R9 × T 2 = R9 × S1 × S1. The second S1 (spanned by x10) will be ignored in
what follows3, while the essential compact co-ordinate will be called x9. Now, one proceeds with a 5-brane
with the world-volume topology R5 × S1 and parameterized by (x0, x1, x2, x3, x6, x9), leaves aside four flat
dimensions (x0, x1, x2, x3 – the space-time of the low-energy 4d N = 2 SYM theory), and ends up with a
cylinder R×S1 embedded into the target space along (x6, x9) dimensions. We use the notation z = x6+ ix9
for the corresponding complex co-ordinate. Next, in order to get a non-trivial gauge group: spontaneously
broken SU(Nc) → U(1)
Nc−1, one needs Nc parallel copies of the cylinder (see Fig.1). Different cylinders
have different positions in “transverse” space V ⊥ = (x4, x5, x7, x8). Moreover [2], to get not just a remnant
U(1)Nc−1, but indeed a spontaneously broken non-abelian theory, these parallel cylinders should come from
a bound state of Nc branes i.e. should be different parts of the same brane [4]. It means that the cylinders
should be all glued together (see Fig.2). Actually in the weak coupling limit they are glued at infinity, while
2Original papers [2] and [3] deal with various degenerations of this construction, when some compactification radia go to
zero, thus giving rise to 1, 3, 4-branes. See also [14] for some important preliminary works and [15] for more examples.
3 Of course, it is crucially important for accurate embedding of IIA and IIB strings into generic M -theory frame and for the
explanation of the origins of the two pictures and their interrelation – this is however beyond the scope of present paper.
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increasing coupling constant distorts them along their entire length. Since the cylinders are 2-dimensional
and parallel, projection of this entire configuration onto V ⊥ is also 2-dimensional. Supersymmetry requires it
to be just a plane in V ⊥: C = R2 ∈ V ⊥, we will describe it in terms of the complex coordinate λ = x4+ ix5.
Introducing coordinate w = ez to describe a cylinder, we see that the system of non-interacting branes
(Fig.1) is given by z-independent equation
PNc(λ) =
Nc∏
α=1
(λ − λα) = 0, (2.1)
while their bound state (Fig.2) is described by the complex curve ΣNc [4]:
ΛNc
(
w +
1
w
)
= 2PNc(λ) or
ΛNc cosh z = PNc(λ)
(2.2)
In the weak-coupling limit Λ→ 0 (i.e. 1
g2
∼ log Λ→∞) one comes back to disjoint branes (2.1) 4 5.
Thus we finally got a 5-brane of topology R3 × ΣNc embedded into a subspace R
5 × S1 (spanned by
x1, ..., x6, x9) of the full target space. The periodic coordinate is
x9 = argPNc(λ) = Im logPNc(λ) =
Nc∑
α=1
arg(λ− λα) (2.4)
3 Lax operator
According to [12], occurence of the complex curves like ΣNc is a manifestation of hidden integrable structure
behind the theory of renormalization group (RG) flows. Namely [12, 20, 21, 22, 23, 24, 25], equation (2.2)
describes the spectral curves of the (0 + 1-dimensional, Nc-periodic) Toda-chain hierarchy:
det
Nc×Nc
(ΛL(z)− λ · 1) = 0, (3.1)
The SU(Nc) Lax operator
L(z) = ~p ~H + e~α0~q(ezE~α0 + e
−zE−~α0) +
∑
simple ~α>0
e~α~q(E~α + E−~α)
~α0 = −
∑
simple ~α>0
~α
(3.2)
4In other words, for |z| ≪ | log Λ|, λ is almost independent of z and confined to be almost equal to some of λα. Only when
|z| ∼ | log Λ| coordinate λ is allowed to deviate from fixed position and ”interpolate” between – different λα’s.
5Eq.(2.2) and Fig.2 decribe a hyperelliptic curve – a double covering of a punctured Riemann sphere,
y2 =
Λ2Nc
4
(
w − 1
w
)2
= P 2Nc(λ) − Λ2Nc (2.3)
Such hyperelliptic curves and their period matrices are the main ingredients of the SW ansatz [17, 18, 19] for the 4d N = 2
SUSY low-energy effective actions.
4
where ~H are the diagonal (Cartan) SU(Nc) matrices and E~α are matrices corresponding to the roots of
SU(Nc): E~αij ,mn = δmiδnj . Only the simple roots with j = i± 1 appear in (3.2). The Hamiltonians of the
Toda chain are symmetric polynomials of parameters λα in (2.1), e.g.
Λ2h2 ≡ Λ
2

~p2 + e2~α0~q + ∑
simple ~α>0
e2~α~q

 = ∑
α<β
λαλβ (3.3)
From the point of view of the DHWW construction the shape of the complex curve ΣNc should not be
just guessed or postulated: it describes the eigenvalues of the scalar field Φ(z) – the member of the 6d
supermultiplet, i.e. λα’s are solutions of the equation
det
Nc×Nc
(Φ(z)− λ · 1) = 0, (3.4)
which describes mutual positions of the branes, i.e. our cylinders. Thus, comparing (3.1) and (3.4), we
conclude that there is a natural identification
ΛL(z) ∼ Φ(z) (3.5)
This is in fact a general point in the Hitchin approach to integrable systems [26, 27, 28] and this was already
used many times in applications of this formalism to investigation of the Seiberg-Witten effective theory
[28, 29, 30, 31, 9].
Thus, now we have something to check: the Lax operator (3.2) should naturally arise from the equations
of motion for the scalar field Φ(z). Moreover, in order to preserve supersymmetry, it should satisfy an even
more restrictive condition: the linear BPS-like equation.
4 The IIB type picture
In order to explain how it happens, let us analyze the DHWW construction in the type IIB picture, when
the theory on the 5-brane world volume is 6d SYM. The mutual position of the cylinders on Fig.1 is de-
scribed by the coordinates in orthogonal space V ⊥ (spanned by x4, x5, x7, x8), i.e. by four scalar fields
Φ(4),Φ(5),Φ(7),Φ(8) – the members of the 6d SYM gauge multiplet. As usual, they are taking values in the
adjoint representation of the gauge group SU(Nc), where Nc is the number of cylinders, i.e. co-ordinates
x4, . . . , x8 are substituted by non-obligatory commuting matrices Φ(4), . . . ,Φ(8). The members of gauge mul-
tiplet are associated with the open strings streched between the cylinders, the corresponding 10d vector field
AS = {AM , Aµ} in the bulk naturally decomposes into the components with M = 0, 1, 2, 3, 6, 9 – considered
as 6d vector from the point of view of the effective theory on the brane – and with µ = 4, 5, 7, 8 – associated
with four above-mentioned scalars. The nonabelian interaction arises due to the processes like in Fig. 3.
In a vacuum state the scalar fields satisfy the BPS-like condition
DMΦ ≡ ∂MΦ + [AM ,Φ] = 0, FMN = 0 (4.1)
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This equation is so simple at least when only one of the fields Φ(4), . . . ,Φ(8) is nonvanishing. This is
essentially the case for the configuration of Fig.2, arising from Fig.1 when the brane interaction is switched
on: Fig.2 implies that some scalar field, say Φ ≡ Φ(4) + iΦ(5), develops a nonvanishing z-dependent vacuum
expectation value – this is exactly the statement that the cylinders are distorted and glued together. In order
to explain/derive Fig.2, it is necessary to demonstrate that eq. (4.1) has a non-trivial solution Φ(z) 6= const.
The reason for this is that non trivial boundary conditions are imposed on Φ at z → ±∞.
In order to understand how they should be adequately described, let us consider first the UV-finite version
of the SW theory and then take the double-scaling limit back to the asymptotically free situation.
The way to do this is well known and examined in detail in [6, 28, 31]. One should add to the 4d
N = 2 SUSY pure gauge theory an extra matter hypermultiplet in the adjoint representation with the mass
m. When m = 0, one gets a theory with N = 4 SUSY which is UV-finite with the UV coupling constant
τ = i
g2
UV
+ θ2π . When m 6= 0 it remains UV-finite, but acquires a nontrivial RG-flow. The original pure N = 2
SYM theory is restored in the double-scaling limit when τ → i∞, m→∞, so that mNce2πiτ ≡ ΛNc remains
finite. Within the framework of the SW theory this corresponds to a spectral curve – a cover of a torus (with
complex modulus τ) which in the limit τ → i∞ degenerates into a cylinder. Associated integrable system is
the elliptic Calogero-Moser model with the coupling constant m [32, 29, 30, 31] which in the double-scaling
limit [33] turns into a Toda chain.
From the point of view of the brane picture at Fig.1 it means that one should first substitute the cylinders
by tori with the same modulus τ . The isolated tori would correspond to the vanishing parameter m, while
non-vanishing m means that the scalar field Φ acquires nontrivial boundary consitions, or is a section of a
nontrivial (holomorphic) bundle. In other words, when one takes cylinders from Fig.1 and glues the ends to
make a torus – the fields jump, and on the torus the equation (4.1) acquires a non-zero r.h.s., which survives
in the double-scaling limit.
More technically, on a torus one cannot fix the gauge A¯ ≡ A6 + iA9 = 0, by gauge transformation A¯ can
be at best brought to diagonal form A¯ = diag(a1, ..., aNc). Then the corresponding component of equation
(4.1) becomes6
∂¯Φij + (ai − aj)Φ
ij = m(1 − δij)δ(z − z0) (4.2)
so that
Φij(z) = piδ
ij +m(1− δij)e(ai−aj)(z−z¯)
θ(z − z0 +
ai−aj
πImτ )
θ(z − z0)
(4.3)
To compare with the conventional Lax operator of the elliptic Calogero-Moser model [34], one should make
a gauge transformation
Φij(z)→ (U−1ΦU)ij(z) = piδ
ij +m(1− δij)e(ai−aj)z
θ(z − z0 +
ai−aj
πImτ )
θ(z − z0)
(4.4)
6There are different ways to interpret the δ-function in the r.h.s. of (4.2): one can say, for example [9], that z = z0 is the
point where ”vertical brane” of original presentation of [2, 3] intersect the ”horisontal branes” – our tori. In Fig.2 the point z0
is at infinity, i.e. exactly where nontrivial boundary conditions are imposed in eq.(4.1).
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with U ij = e(ai−aj)z¯, then the explicit dependence on z¯ is eliminated but Φ(z) becomes a multivalued
function or a section of a nontrivial bundle over torus. The Lax operator (3.2) is obtained from (4.4) in the
double-scaling limit [33].
Of course, there is a way to describe relevant nontrivial boundary conditions directly in terms of Fig.2
(without additional compactification-/-decompactification of the x6 dimension), but the above presentation
reveals better the origins of what happens.
Thus, in the type IIB picture we derived the shape of the curve (2.2), (3.1), (3.4) ”from the first principles”.
The next step would be to derive the effective action of emerging low-energy 4d theory. However, here one
runs into problems.
Since the world-volume action is not quadratic, it is necessary to take non-trivial average over the
fields which become massive due to the Higgs mechanism, moreover this average includes non-perturbative
corrections. This is more or less the same as the original problem in the SW theory, without any obvious
simplifications. As explained in [12, 23], from the point of view of integrable hierarchies the derivation of the
low-energy effective action is the aim of the so-called Bogolyubov-Whitham averaging method, which is still
far from being throughly developed. Remarkably, despite such problems, the net result of this procedure can
be easily described in terms of period integrals on spectral surfaces, i.e. in the framework of the prepotential
theory (or that of the quasiclassical τ -functions) [35, 36, 37], which is in a sense ”dual” to the Hitchin theory
[23, 38].
This is exactly in parallel to what happens in SW theory: while there is no clear way to derive effective
action directly, the ansatz can be easily suggested for what it actually is. In other words, despite the brane
vacuum configuration is derived exactly in the type IIB picture, this picture is not sufficient itself for the
derivation of the effective action (at least it is not straightforward). However, according to [4], this problem
can be solved in the ”dual” type IIA picture.
5 IIA type picture
In this picture instead of the 6d SYM one considers a 6d SUSY theory of self-dual 2-form C = {CMN},
dC = ∗dC on the world volume of a 5-brane. It means, first, that instead of attaching open strings to the
5-brane, as in Fig.3, one has to consider now ”open” membranes, see Fig.4.
The important difference with the type IIB picture of the previous section is that in the relevant ap-
proximation the theory of 2-forms is essentially abelian. Even if there are matrices CijMN in the adjoint
representation of SU(Nc) associated with the vertical cylinders (membranes) attached between i-th and j-th
horisontal cylinders, no nonabelian interacting theory can arise since such interaction is inconsistent with the
gauge invariance. Only non-linear interaction of the non-minimal type can appear – like Tr(dC)4, expressed
through the tension of C. Such terms, however, contain higher derivatives (powers of momentum) and they
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seem irrelevant in the low-energy effective actions.
This ”abelian” nature of the 2-form theory makes the description of the Lax operator (vacuum expectation
value of the scalar members of the supermultiplet which describe the transverse fluctuations of the 5-brane),
and thus the derivation of the shape of the curve ΣNc in the type IIA picture, much less straightforward.
Instead, exactly due to the fact that the action on (flat) world-volume is essentially quadratic
∫
d6x
|dC|2 + SUSY terms, (5.1)
in this picture there are no corrections to the form of the effective 4d action – once ΣNc is given. It is enough
to consider the dimensional reduction of (5.1) from 6 to 4 dimensions [4].
Such reduction implies that the 2-form C is decomposed as
Cµz =
Nc−1∑
i=1
(
Aiµ(x)dωi(z) + A¯
i
µ(x)dω¯i(z¯)
)
(5.2)
where dωi are canonical holomorphic 1-differentials on ΣNc
7, dω¯i – their complex conjugate, and A
i
µ, A¯
i
µ
depend only on the four 4d co-ordinates x = {x0, x1, x2, x3}.
If the metric on ΣNc is chosen so that ∗dωi = −dωi, ∗dω¯i = +dω¯i, the self-duality of C implies that the
1-forms A and A¯ in (5.2) correspond to the anti-selfdual and selfdual components of the 4d gauge field with
the curvature (tension) G = {Gµν}:
dAi = Gi − ∗Gi
dA¯i = Gi + ∗Gi
(5.3)
It remains to subsitute this into (5.1) and use the relations
∫
ΣNc
dωi ∧ dω¯j = 2iImTij
∫
ΣNc
dωi ∧ dωj = 0
(5.4)
where Tij is the period matrix of ΣNc (and depends on the v.e.v.’s of the transverse scalar fields once the
shape of the curve ΣNc – its embedding into the (x
4, x5, x6, x9)-space is fixed. The result for the 4d effective
action is ∫
d4x
ImTijG
i
µνG
j
µν + SUSY terms (5.5)
7Actually, before the double scaling limit described in the previous section, the curve ΣNc is compact of genus Nc (when the
x6 direction is also compactified along with x9) and the curve possesses Nc holomorphic differentials. However, one of them
develops a simple pole when z →∞ and thus is ignored in (5.1). Also in our simplified description we ignore other components
of the 2-form: Czz¯ and Cµν which are related to each other by the selfduality condition
∂λCzz¯ =
1√
g
ǫλµνρ∂ρCµν
and correspond from the 4d point of view to a (real) scalar. The whole picture thus would contain three complex scalar fields,
two of which become massive in the configuration we consider.
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This is essentially the SW answer of refs. [5, 6], only the part with the topological θ-term is ignored. It can
be restored by more careful treatment of the self-dual 2-forms: the action (5.1) is obviously too naive. There
are various approaches developed for this purpose, see for example refs. [39, 40, 41, 42, 43] etc.
Though in principle dictated by supersymmetry, the analog of expansion (5.2) is not so trivial for the
scalar fields (the superpartners of the antisymmetric form in 6d and the vector bosons in 4d). As usual in
the Green-Schwarz formalism on topologically non-trivial manifolds [44], like ΣNc , the ”embedding matrix”
Πz = ∂zΦ is actually substituted by 1-form on Σ, with holomorphic zero modes,
Π(0)z =
Nc−1∑
i=1
Πi(x)dωi(z) (5.6)
This is important for explanation why Nc − 1 different scalars emerge from a single Φ, and why the period
matrix of Σ appears in the scalar Lagrangian. Especially transparent should be (reformulation of) the
formalism of ref.[42], where appropriate auxiliary field is actually a 1-form on ΣNc , which after gauge fixing
becomes
v(0)z =
Nc−1∑
i=1
vi(x)dωi(z) (5.7)
6 Conclusion
We argued that the recent advance of ref.[4] (which reformulated the SW anzatz in the language of branes
and therefore inspired an anzatz for what the interaction of branes does with the naive DHW construction)
still does no resolve the basic problem of all previous considerations: two basic different ingredients of the
SW theory (the spectral curve and the prepotential) are well justified in two dual pictures. However, it
brings the issue even closer to the main mysteries of string dualities.
In particular it helps to approach the (still) anticipated discovery of integrable structures behind the
string dynamics. In this framework one expects extrapolation of the known results for 2d, 3d and 4d models
to higher dimensions. As to the origin of the integrability in the theory of renormalization group flows, it
is a subject of a different investigation. A possible direction has been suggested in ref.[12], and emerging
relation between the IIB-IIA and the (”nonabelian”) Hitchin - (”abelian”) Whitham dualities can provide
new insights on this way.
However, even in the restricted framework – of generalization of the SW theory to higher dimensions,
strings and M -theory – a lot remains obscure. One of the interesting things to do is to find the brane
analog/interpretation of the mysterious WDVV-like equations [45], which are peculiar for the majority of
SW effective theories in four and five dimensions, are related to multiplication ”algebra” of 1-forms and
constitute a non-trivial deformation of the WDVV equations for quantum cohomologies [46].
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Fig.1
Nc parallel cylinders. The horisontal co-ordinate is x
6, while the vertical axis corresponds to the space
V ⊥, actually parameterized by λ.
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Fig.2
The brane configuration, represented as a result of gluing Nc cylinders together. Actually, a real-λ section
of the complex curve (2.2) is shown. The horizontal coordinate is z, the vertical one – λ. If projected on
the vertical plane, the curve looks like a double-covering of a punctured Riemann sphere – the hyperelliptic
surface. If projected on the horizontal cylinder, it is its Nc-fold covering.
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Fig.3
Open strings, stretched between parts of the 5-Dbrane. The term in the 6d first-quantized action,
associated with this picture is δM1...M4
∫
d6xA
ij
M1
A
jk
M2
AklM3A
li
M4
= Tr
(
[AM , AN ]
2
)
.
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Fig.4
The horisontal cylinders in Fig.4 are parts of the 5-brane, as in Fig.1, with 4 flat dimensions (including
the ”time”-one x0) not shown on the picture. The vertical cylinders on Fig.4 are membranes (2-branes) at a
given time, streched between the components of the 5-brane. When the width of the vertical cylinders goes
to zero, these membranes turn into the open strings. Moreover, this limit is not just a result of shrinking
some compact dimension – it is rather a double-scaling limit, when the width of the horisontal cylinders
remains finite (and is determined in terms of Λ in (2.2)).
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